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$M$ 3 $\mathbb{R}^{3}$ , $f$ ,
$n$ .
1.1




$(x, y)$ . (isothermal




1.2 $H$ $M$ .
$H=0$ .
*We dedicate this work to the memory of Hongyou Wu.
1700 2010 48-64 48
$M$ Hopf
$Qdz^{2}$ , $Q=f_{zz}\cdot n$






$u_{z\overline{z}}+ \frac{1}{2}H^{2}e^{u}-2|Q|^{2}e^{-u}=0$ (Gauss ),
$Q_{\overline{z}}= \frac{1}{2}H_{z}e^{u}$ (Codazzi ).
Codazzi $M$ $Q$
.
$I^{-1}$ II $M$ .
. $Q$ .
1.1 $M$ $M$ .
1.2 (Hopf 1951) $0$ ,
$M$ .
( ) $M$ 2 $0$ (Riemann-Roch ),
$M$ .












1.3 (Weierstrass-Enneper ) $f$ : $Marrow \mathbb{R}^{3}$
$\mathbb{D}\subset M$
(1.1) $f(z, \overline{z})={\rm Re}\int_{z_{0}}^{z}(\frac{\varphi}{2}(1-g^{2}),$ $i \frac{\varphi}{2}(1+g^{2}),$ $\varphi g)dz$




1.1 (Gauss ) $(M, f)$ $n$ $n:Marrow \mathbb{S}^{2}\subset$
$\mathbb{R}^{3}$ . $M$ Gauss . Weierstrass-
Enneper $g$ $f$ Gauss
.
2
. $Q$ $\lambda^{-1}Q(\lambda\in \mathbb{S}^{1})$ Gauss-Codazzi
$\mathbb{D}$
$I_{\lambda}=I$ , $H_{\lambda}=H$ , $Q_{\lambda}=\lambda^{-1}Q$
, , Hopf $f_{\lambda}$
. $\{f_{\lambda}\}_{\lambda\in \mathbb{S}^{1}}$ $f$ . $\lambda$
( )
. $f_{\lambda}$
$F_{\lambda}=(e^{-u\prime 2}(f_{\lambda})_{x}, e^{-u’ 2}(f_{\lambda})_{y}, n_{\lambda}):\mathbb{D}\subset Marrow SO(3)$
. $F_{\lambda}$ SU(2) , $\Phi=\Phi_{\lambda}$ .
Lax 1.
$\Phi_{z}=\Phi U$, $\Phi_{\overline{z}}=\Phi V$,
$U=(\begin{array}{ll}u_{z}\prime 4 -\lambda^{-l}He^{u,2}/2\lambda^{-1}Qe^{-u,2} -u_{z}/4\end{array})$ ,
$V=(\begin{array}{ll}-u_{\overline{z}}/4 -\lambda\overline{Q}e^{-u,2}\lambda He^{u,2},2 u_{\overline{z}}\prime 4\end{array})$ .
1 $\Phi_{\lambda}$ . [8], [12] .
50
$\Phi$ $\Phi$ : $\mathbb{D}\cross \mathbb{S}^{1}arrow$ SU(2) ,
$\Phi$ : $\mathbb{D}arrow\Lambda SU(2)_{\sigma}$ .
ASU(2) $=\{g(\lambda) : \mathbb{S}^{1}arrow SU(2) |\sigma(g(\lambda))=g(-\lambda)\}$ ,
$\sigma(X)=\sigma_{3}X\sigma_{3}^{-1}$
SU(2) twisted loop group $(\sigma_{3}$ Pauli
$)$ .
$\sigma$ 2 $\mathbb{S}^{2}=$ SU(2) $/U(1)$
. Lax $\sigma$ .
Gauss .
2.1 (Ruh-Vilms [21]) $f:Marrow \mathbb{R}^{3}$ $H$
Gauss $n:Marrow \mathbb{S}^{2}$ .
$(M, f)$ $n$ ,
.
2 $\mathbb{S}^{2}$ .





generalised Weierstrass-type representation, DPW




$\xi=\sum_{j}^{-1}=-\infty\xi_{j}(z)\lambda^{j}$ . $\xi$ $\mathbb{D}$ loop algebra
$\Lambda\epsilon \mathfrak{l}(2, \mathbb{C})_{\sigma}$ .
(1) $\frac{dC}{dz}=C\xi$ .
(2) twisted loop group
$\Lambda SL(2, \mathbb{C})_{\sigma}=\{g(\lambda):\mathbb{S}^{1}arrow SL(2,\mathbb{C})|\sigma(g(\lambda))=g(-\lambda)\}$
Riemann-Hilbert ( )
$\Lambda SL(2, \mathbb{C})_{\sigma}=\Lambda SU(2)_{\sigma}\cdot\Lambda_{*}^{+}SL(2, \mathbb{C})_{\sigma}$,
51
$\Lambda_{*}^{+}$ $SL$ $($ 2, $\mathbb{C})_{\sigma}=\{g(\lambda)=$ $Id$ $+ \sum_{j\geq 1}g_{j}\lambda^{j}\in\Lambda SL(2, \mathbb{C})_{\sigma}\}$
$C=\Phi V+$ $\Phi$ Lax .
DPW 6 .
DPW [8], [12], [18] .
3
$c$ 3 $\mathcal{M}^{3}(c)=(\mathcal{M}^{3}(c), \langle\cdot, \cdot\rangle)$ . $\mathcal{M}^{3}(c)$
$(M, f)$ $n$ . $\mathbb{R}^{3}$
I, I, $H$ , Qdz2 .
Gauss-Codazzi
$u_{z\overline{z}}+ \frac{1}{2}(H^{2}+c)e^{u}-2|Q|^{2}e^{-u}=0$ , $Q_{\overline{z}}= \frac{1}{2}H_{z}e^{u}$ .
.
.
3.1 $f$ : $Marrow \mathcal{M}^{3}(c)$ , $(\mathbb{D}, z)$
. $\mathbb{D}$ $\tilde{f}:\mathbb{D}arrow \mathcal{M}^{3}(\tilde{c})$
$I=I=e^{u}dzd\overline{z}$ , $\tilde{H}^{2}+\tilde{c}=H^{2}+c$ , $\tilde{Q}=Q$
. $\tilde{f}$ $f$ Lawson (Lawson corre-
spondent) [20].
3.1 $f$ $\mathbb{R}^{3}$ $\mathcal{M}^{3}(-1)=\mathbb{H}^{3}$
$\pm 1$ Lawson .
3 $\mathbb{S}^{3}$ $\mathbb{H}^{3}$
DPW ([22]). $\mathbb{H}^{3}$
$H^{2}>1$ . , $f$ : $Marrow \mathbb{H}^{3}$
Lawson $\mathbb{R}^{3}$ $H^{2}-1=\tilde{H}^{2}\geq 0$ .






$M$ 3 $\mathcal{M}^{3}(-1)=\mathbb{H}^{3}$ .
$z$ .
$\bullet$ $u_{z\overline{z}}+(H^{2}-1)\sinh u=0$ if $H^{2}>1$ .
$\bullet u_{z\overline{z}}-2e^{-u}=0$ if $H^{2}=1$ .
















5.2 $f$ : $(M^{m}, g)arrow(N^{n}, h)$
$\psi(p):=df_{p}(T_{p}M)\in$ Gr$m(T_{f(p)}N)$
$\psi$ $f$ Gauss .
Gauss .
5.1 (Jensen-Rigoli [14]) $f:Marrow \mathbb{S}^{3}$






$Gr_{n}-i(TN^{n})$ $(N^{n}, h)$ UN
. Gauss
.
5.3 $f$ : $(M^{2},g)arrow(N^{3}, h)$ $n$
. $n$ $UN^{3}$ $F:=(f;n)$ : $Marrow UN^{3}$
. $F$ $f$ Gauss .
$N$ (tangent bundle) $TN$ $UN^{3}$
. $\omega$ . Gauss $F^{*}\omega=0$ .
5.4 $F$ : $M^{2}arrow UN^{3}$ $F^{*}\omega=0$ $F$ Legendre
.
$N^{3}=\mathbb{H}^{3}=SO^{+}(3,1)/SO(3)$ . $U\mathbb{H}^{3}$ Stiefel





(normal homogeneous space) .
(naturally reducive homogeneous space) .
. .






5.1 ( ) Geo $(\mathbb{H}^{3})$ $\mathbb{H}^{3}$
. $E_{1}^{4}$
Grassmann $Gr_{1,1}(\mathbb{H}^{3})=\mathbb{S}^{2}\cross \mathbb{S}^{2}$ $\backslash$ diagonal set .
54
$\pi_{1}:U\mathbb{H}^{3}arrow Geo(\mathbb{H}^{3})$ $\pi_{1}:SO^{+}(3,1)/SO(3)arrow$
$SO^{+}(3,1)SO(1,1)\cross$ SO(2) . $F:Marrow U\mathbb{H}^{3}$
Legendre $F$ $\pi_{1}$ .
, $f$ : $Marrow \mathbb{H}^{3}$ Gauss $F$ : $Marrow U\mathbb{H}^{3}$ $\pi_{1}\circ F=$
$(g_{1}, g_{2})$ Gauss (hyperbolic Gauss map [6]) .
6
$G/H$ , $G$ $\mathfrak{g}$
$\mathfrak{p}\subset \mathfrak{g}$ . $\mathfrak{g}=\mathfrak{h}\oplus \mathfrak{p}$ $\mathfrak{g}$ .
$\mathbb{D}$ $G/H$ $\psi$ : $\mathbb{D}arrow G/H$ $G$






$*$ $\mathbb{D}$ Hodge star . $\alpha_{\mathfrak{p}}$ $\mathbb{D}$
$\alpha_{\mathfrak{p}}=\alpha_{\mathfrak{p}}’+\alpha_{\mathfrak{p}}’$
.
(6.1) $\alpha_{\lambda}:=\alpha_{\mathfrak{h}}+\lambda^{-1}\alpha_{\mathfrak{p}}+\lambda\alpha_{\mathfrak{p}}’’$ , $\lambda\in \mathbb{S}^{1}$
. $d+\alpha_{\lambda}$ $\mathbb{D}$ $\Psi^{*}G$ .
6.1 (Burstall-Pedit [1]) $\psi$ : $\mathbb{D}arrow G/H$ (1)
(6.2) $[\alpha_{\mathfrak{p}}’\wedge\alpha_{\mathfrak{p}}’]_{\mathfrak{p}}=0$
, Maurer-Cartan , $d+\alpha_{\lambda}$
$\lambda\in \mathbb{S}^{1}$ ,
(6.3) $d\alpha_{\lambda}+\frac{1}{2}[\alpha_{\lambda}\wedge\alpha_{\lambda}]=0,$ $\forall\lambda\in \mathbb{S}^{1}$ .
(2) $\mathbb{D}$ (6.1) $\mathfrak{g}$ 1
$\{\alpha_{\lambda}\}_{\lambda\in \mathbb{S}^{1}}$ . (6.2) (6.3) $\Psi_{\lambda}^{-1}d\Psi_{\lambda}=$
$\alpha_{\lambda}$




$[\mathfrak{p},$ $\mathfrak{p}]\subset \mathfrak{h}$ , $G/H$ (6.2) .
(6.2) 2 .
$\bullet$ $G/H$ (k-symmetric space) . $G/H$
$G$ $k>2$ $\tau$ $d\tau$ $\mathfrak{g}^{\mathbb{C}}$
$\mathfrak{g}^{\mathbb{C}}=\sum_{j\in Z’ kZ}\mathfrak{g}_{j}$
. $\psi$ : $Marrow G/H$ $d\psi(T’M)\subset \mathfrak{g}_{-1}$ $\psi$
(primitive map) . (6.2) .
$\bullet$ $G/H$ $G/K$ .
(horizontal holomorphic curve) $\psi$ : $Marrow G/H$ (6.2)
.
1 PDE












$G/H$ $\psi$ : $\mathbb{D}arrow G/H$
$\Psi_{\lambda}$ : $\mathbb{D}\cross \mathbb{S}^{1}arrow G$
$\Psi_{\lambda}^{-1}d\Psi_{\lambda}=\alpha_{\mathfrak{h}}+\lambda^{-1}\alpha_{\mathfrak{p}}’+\lambda\alpha_{\mathfrak{p}}’’$
$\Psi_{\lambda}$ . $\Psi_{\lambda}$ extended framing .
$\Psi_{\lambda}$ twisted loop group
$A$ $G_{\sigma}=\{g:\mathbb{S}^{1}arrow G|\sigma(g(\lambda))=g(-\lambda)\}$
56
. $\sigma$ $G/H$ $G$ . DPW
.
















(2) $C$ twisted loop group A$G_{\sigma}^{\mathbb{C}}$ Riemann-Hilbert ( )




(3) $\psi_{\lambda}:=\Psi_{\lambda}H$ $\mathbb{D}$ $G/H$ 1 .
57
$\xi$ $\sigma$
. $\sigma$ $\psi$ $G/H$
.
Legendre , $U\mathbb{H}^{3}$ ,
.
8 DPW
1$+$3 Minkowski $\mathbb{R}^{1,3}$ 2 Her $($ 2, $\mathbb{C})$
. $\mathbb{H}^{3}$
$\mathbb{H}^{3}=\{X\in$ Her(2, $\mathbb{C})|\det X=1$ , tr $X>0\}$
. SL $($ 2, $\mathbb{C})$
$SL(2,\mathbb{C})\cross \mathbb{H}^{3}arrow \mathbb{H}^{3};(A, X)\mapsto AX\overline{A}^{t}$
. $\mathbb{H}^{3}=$ SL$($ 2, $\mathbb{C})/SU(2)$
. $U\mathbb{H}^{3}$ $U\mathbb{H}^{3}=$ SL $($ 2, $\mathbb{C})/U(1)$ .
, $H^{2}<1$ . $H=\tanh q$ .
$f$ : $\mathbb{D}arrow \mathbb{H}^{3}$
$\Phi_{\lambda}:\mathbb{D}\cross C_{r}arrow SL(2, \mathbb{C})$ , $C_{r}=\{\lambda=e^{-q\prime 2}\nu|\nu\in \mathbb{S}^{1}\}$
$\sigma(\Phi_{\lambda})=\Phi_{-\lambda}$ , $\tau_{4}(\Phi_{\lambda})=\Phi_{\lambda}$
extended framing $\Phi_{\lambda}$ . $\tau_{4}$ twisted loop group
$\Lambda SL(2, \mathbb{C})_{\sigma}=\{g(\lambda):C_{r}arrow SL(2, \mathbb{C})|\sigma(g(\lambda))=g(-\lambda)\}$
4 (Kac-
Moody [19] . [16] ).
$\tau_{4}(g(\lambda))=$ Ad $(1’\sqrt{i}0$ $\sqrt{i}0)[\overline{g(i/\overline{\lambda})}^{t}]^{-1}$ .
$f$ $\{f_{\lambda}\}_{\lambda\in \mathbb{S}^{1}}$
$\mathbb{R}^{3}$
$(f_{\lambda}, e^{-u’ 2}(f_{\lambda})_{x}, e^{-u\prime 2}(f_{\lambda})_{y},n_{\lambda}):\mathbb{D}arrow SO^{+}(1,3)$
58
. Lorentz . SL $($ 2, $\mathbb{C})$
$\tilde{\Phi}_{\lambda}$ . $\tilde{\Phi}_{\lambda}$ Lax
$\Phi_{z}=\Phi U$, $\Phi_{\overline{z}}=\Phi V$,
$U=(\begin{array}{ll}u_{z}/4 -\nu^{-1}\mathcal{H}e^{u\prime 2}\nu^{-l}\mathcal{Q}e^{-u\prime 2} -u_{z}/4\end{array})$ ,
$V=(\begin{array}{ll}-u_{\overline{z}}\prime 4 -\nu\overline{\mathcal{Q}}e^{-u\prime 2}\nu \mathcal{H}e^{u,2} u_{\overline{z}}/4\end{array})$ ,
$\mathcal{H}=ie^{-q}(H+1)$ , $\mathcal{Q}=-iQ$ , $\nu=e^{-q’ 2}\lambda\in C_{r}$
$\Phi=\Phi_{\lambda}$ : $\mathbb{D}\cross C_{r}arrow$ SL $($ 2, $\mathbb{C})$ .
$\Phi_{\lambda}$ .
$\tau_{4}$ .
8.1 ( [2]) $\omega 0$
$\omega_{0}=(\begin{array}{ll}0 \lambda^{-1}-\lambda 0\end{array})$
. twisted loop group $\Lambda SL(2, \mathbb{C})_{\sigma,\tau}$
$\Lambda SL(2, \mathbb{C})_{\sigma,\tau}=\{g\in\Lambda SL(2, \mathbb{C})|\tau(g(\lambda))=g(\lambda)\}$




8.2 ($H^{2}<1$ DPW [2]) (1)
$\xi$ $dC=C\xi,$ $C(0)=$ Id .
(2) $C$ 8.1 $C=\Psi_{\lambda}V^{+}$ .
(3)















twisted loop group .
sinh-Laplace $\mathbb{S}^{2}=$ SU(2) $/U(1)$
$\sigma$ :SU(2) $arrow$ SU(2) loop group $\Lambda SU(2)$
twisted loop group .
, cosh-Laplace , $\tau_{4}$ $A_{1}^{(1)}$
.
, $\tau_{4}$ SL $($ 2, $\mathbb{C})$ loop group $\Lambda SL(2,$ $(\cap)$
.
, loop group cosh-Laplace “





1 $+$ 2 Minkowski $\mathbb{R}^{1,2}$
([3], [9]). sine-Gordon ]R3
Gauss $-1$ . “






, ”complex surface of constant mean curvature” .
complex Gauss-Codazzi (real form)
. twisted loop algebra $\Lambda\epsilon I(2, \mathbb{C})_{\sigma}$
complex surface of constant mean curvature
.
9.1 ( [16]) .
(1) Minkowski $\mathbb{R}^{1,2}$ Gauss (
).
$u_{z\overline{z}}- \frac{1}{2}H^{2}\sinh u=0$ .
$n:\mathbb{R}^{2}arrow \mathbb{H}^{2}$ .
(2) Minkowski $\mathbb{R}^{1,2}$ . Gauss .
$u_{z\overline{z}}-\sin u=0$ .
$n:\mathbb{R}^{2}arrow \mathbb{S}^{1,1}$ .
(3) $\mathbb{R}^{3}$ Gauss (
).
$u_{z\overline{z}}+ \frac{1}{2}H^{2}\sinh u=0$ .
$n:\mathbb{R}^{2}arrow \mathbb{S}^{2}$ .
(4) $\mathbb{H}^{3}$ $0\leq H^{2}<1$ .
$u_{z\overline{z}}+ \frac{1}{2}(H^{2}-1)\cosh u=0$ .
$n:\mathbb{R}^{2}arrow U\mathbb{H}^{3}$ .
61
(5) Minkowski $\mathbb{R}^{1,2}$ Gauss .
$u_{st}+\sin u=0$ .
$n:\mathbb{R}^{1,1}arrow \mathbb{H}^{2}$ .
(6) Minkowski $\mathbb{R}^{1,2}$ Gauss . (
).
$u_{st}+ \frac{1}{2}H^{2}\sinh u=0$ , $u_{st}+ \frac{1}{2}H^{2}e^{u}=0$ , $u_{st}+ \frac{1}{2}H^{2}\cosh u=0$ .
$n:\mathbb{R}^{1,1}arrow \mathbb{S}^{1,1}$ .
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